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Abstract. The connection between the algebra of supersymmetry and the inverse scattering
method is used to construct one-dimensional potentials with any specified number of
non-degenerate bound states at arbitrary energies. The reflection coefficient of the potential
so constructed is related to the reflection coefficient of a reference potential which supports
no bound states. It is shown that, by choosing the reference potential to be V=90, it is
possible to construct reflectionless potentials with bound states at arbitrary energies. The
relationship of this construction based on supersymmetry to other known constructions of
reflectionless potentials is established. It is shown that the symmetric reflectionless potential
may be expressed as a linear combination of the squares of the bound state eigenfunctions
with coefficients related to the wavenumbers associated with the bound states.

1. Introduction

It was first shown by Witten (1981) that the algebra of supersymmetry may be used
to pair together two related Hamiltonians to construct supersymmetric quantum
mechanics. Supersymmetric quantum mechanics is the study of the properties of
Hamiltonians linked by the algebra of supersymmetry. The existence of a conserved
supercharge associated with supersymmetry in supersymmetric quantum mechanics
leads to the feature that the spectral properties of the members that form the supersym-
metric pair are related to each other. This feature has aroused enormous interest in
supersymmetric quantum mechanics. A variety of physical systems have been analysed
using the concept of supersymmetry. It has been shown, for example, that the spectrum
of the Dirac equation for a charged particle in a central Coulomb field can be explained
simply by using the concept of supersymmetry (Sukumar 1985b). The level degeneracies
of a Dirac electron in a constant magnetic field have been interpreted using supersym-
metry (Khare and Maharana 1984, Blockley and Stedman 1985). The supersymmetry
of the Dirac electron in the field of an electric monopole has been studied by d’Hoker
and Vinet (1984) and Yamagishi (1984). The ‘accidental’ degeneracy of certain systems
with spin-orbit coupling has been discussed using supersymmetry by Ui (1984),
Balantekin (1985) and Niemi (1985). Kostelecky and Nieto (1984), Bernstein and
Brown (1984) and Andrianov et al (1984) have discussed other applications of super-
symmetry in atomic, nuclear and solid state physics. These are just a few examples
of the variety of systems that have been analysed using supersymmetry.

It has been shown (Andrianov et al 1984, Sukumar 1985a, ¢) that the simplest
non-trivial realisation of the algebra of supersymmetry leads to the result that every
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one-dimensional non- -relativistic Hamiltonian H can have a partner H such that either
(i) H has the same set of eigenvalues as H except for missing the ground state of H,
(ii) H has the same set of eigenvalues as A except for missing the ground state of H
or (iii) H and H have identical spectra of eigenvalues. This result has been shown
to be very useful in the study of inverse scattering (Sukumar 1985d). The inverse
scattering method (Gelfand and Levitan 1955) provides a recipe for constructing
potentials starting from the specific spectral features of a system. The concept of a
supersymmetric partner can be used as the building block to construct the edifice of
the inverse scattering method in a simple step by step procedure. Starting from a
reference potential of known spectral features it is possible to construct a supersym-
metric partner which differs from the reference system by the presence of a specific
additional spectral feature (Sukumar 1985d). By repeating this procedure it is possible
to construct potentials with any desired spectral features. In this paper it is shown
that the algebra of supersymmetry may be used to construct potentials in one dimension
which support any number of bound states at any specified energies.

The plan of the paper is as follows: § 2 provides a summary of the method discussed
by Sukumar (1985c¢) for introducing an additional bound state to a given spectrum of
a reference potential using the algebra of supersymmetry. Section 3 illustrates the
procedure by constructing potentials with one and two bound states. Section 4 gen-
eralises this procedure to construct potentials with any number n of bound states at
arbitrary energies E;, i=1,2,..., n. It is also shown that reflectionless potentials with
n bound states may be constructed by choosing the reference potential to be V=0.
It is shown that the symmetric reflectionless potentials form a subset of a class of
reflectionless potentials.

An algorithm for constructing symmetric reflectionless potentials with bound states
at arbitrary energies was given many years ago by Kay and Moses (1956). This algorithm
is known to be related to the algorithm for constructing multi-soliton solutions of the
Korteweg-deVries equation (Gardner er al 1967, Scott et al 1973). The confining
potentials of quark-antiquark systems have been constructed phenomenologically using
the multi-soliton algorithm (Thacker et al 1978, Quigg et al 1980). In § 5 of this paper
the relationship between the different representations of symmetric reflectionless poten-
tials is established. Section 6 contains the conclusions.

2. Introduction of an additional bound state

Let V(x), —o=<x=o0, be a potential that supports bound states at energies E,, =
—v%/2u where u is the reduced mass. The Hamiltonian is given by
1 d

H=- 2 dx —+ V(x). (1)
Let R(k) be the reflection coefficient for positive energles E =k*/2u. The procedure
for finding a supersymmetric partner to H denoted by H, whose eigenvalue spectrum
consists of all the eigenvalues E,, and in addition a ground state eigenvalue, E < E,,
has already been glven (Sukumar 1985c). An outline of the procedure is given below
The energy E——y /2u lies below the ground state of H and is not one of the
cigenstates of H. Hence the two linearly independent solutions of the Schrédinger
equation for the potential V at energy E denoted by <p(E) and §(E) are both
non-normalisable. However, the two linearly independent solutions may always be
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linearly superposed to produce a solution ¥ (E) such that ¢(E) is nodeless in —0 < x <
o, Let

W(E)=¢(E)+aé(E). (2)

For a certain range of values of a denoted by %(«a) the linear combination of cp(ﬁ)
and §(E) will remain nodeless. This in turn implies that there is a family of nodeless
solutions w(E~) corresponding to the range of values of « in %{«). For the sake of
notational convenience this dependence on a will not always be explicitly indicated.
Furthermore it is clear that since Y (E) grows at least as fast as exp(¥x) as |x| > oo, the
nodelessness of ¢(E) will guarantee that [5‘//(}5)]'1 is normalisable. In terms of the
non-normalisable but nodeless solution ¢{E), H may be factorised as

H=A"(E)A (E)+E (3)
where
sy L [, 4
AT(E)= 2#(idx+f(X)) (4)
and
d -
f(X)=d—1n Y(E). (5)
X

H has a supersymmetric partner H given by
H=A(E)A"(E)+E (6)

such that (H — E) and (H — E) are the diagonal elements of a supersymmetric Hamil-
tonian given by the anticommutator

*={Q, Q" (7)
where

[ o o . [0 A%(E)

Q"[A“(E‘) 0] Q’[o 0 ] ®
Furthermore

[Q #]1=0=[Q", ¥]. 9

The existence of a conserved charge in supersymmetric systems leads to the general
result that the partners of a supersymmetric pair have identical spectra except when
the ground state of one member of the pair is annihilated by a charge operator. In
the case of the supersymmetric system defined by (3)-(8), as shown in Sukumar (1985¢),

the solution of the Schrodinger equation for H at energy E, denoted by d/(E) is given
by

""5)7715")' (10)

1,17(5) is indeed the solution of

AT(E)g(e)=0 e=FE. (11)
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Since [d/(E Y]~ ! is a nodeless normahsable function by construction, (/;(E ) is the ground
state of H with eigenvalue E. A*(E ) is the operator that annihilates the ground state
of H. All other eigenvalues of H are also eigenvalues of H and the solutions of the
Schrodinger equations for H and H at a common energy ¢ are related by

(o)~ AT(E)y(e) (12a)
W(e)~AT(E)i(e) e#E. (12b)
These intertwining relations between the solutions ¢ and 1,17 are valid not only when
¢ is one of the common discrete eigenvalues E,, but also when ¢ is positive and when
€ is negative, but € # E and e # E,. (12) may be used to obtain a relation between

the reflection coefficients of the potential V and the potential corresponding to H
given by

V= v—lf—zm w(E). (13)
For positive energies E = k*/2u the boundary conditions

xlair_noo y(x, E)~e*™+R(k)e = (14a)

lim w(x, E)~ T(k) ™ (14b)

lim §(x, E)~e*™+R(k) e (14c)

lim d(x, E)~ T(k) e (14d)

when combined with (12) show that

R(k)= + kR(k) (15a)
T(k)———_—lkT(k) 5b
B y+ik (156)

Thus starting from a potential V with bound states at energies E,, and positive energy
reflection and transmission coefficients R(k) and T(k), it is possible to construct a
potential 1% given by (13) which supports bound states at energies E and E,.. The
ground state eigenfunction of V is given by (10) while the remaining eigenfunctions

are given by (12) for £ = E,,. The reflection and transmission coefficients are given by
(15).

3. Potentials

3.1. Potentials with a single bound state

Let Vy(x) be a potential that supports no bound states and R,(k) be the reflection
coefficient for positive energies. Using the procedure outlined in § 2 it is possible to
find a potential V; which supports a single bound state at energy E, = —y}/2u. Using
(10), V, may be written in the form

2

1
Vi=Vo—— —In yo(E)) (16)
p dx
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where ¢o(E,) is a nodeless unnormalisable solution of the Schrodinger equation for
the potential V, at energy E,. (10) and (12) show that the eigenfunction for the ground
state energy E; is given by

1
E))~ 17)
l//1( l) d/o(El)
while for E # E,
llfl(E)"Aa(El)l//o(E) (18)
where
1 d d
o =— -——+|— E . 19
A5 (Ey) m[ = (dx In g ))] (19)
The reflection coefficient of V) is given by
_ Y1—ik
Ry(k)= y‘+ikR°(k)' (20)

The above results may be illustrated by choosing V,=0. H, is then the free particle
Hamiltonian and Ry(k) =0. (20) shows that the reflection coefficient of the supersym-
metric partner H, also vanishes identically. It is clear that

Wor(E;) = cosh y,x + a, sinh y,x ley] < 1. (21)

The condition |a,| <1 ensures that y,( E,) is nodeless although non-normalisable. The
suffix R is added to indicate the reflectionless case. The reflectionless potential with
a single bound state at E, is given by

Vir=—(y}/ 1) sech’(y,x +tanh™'a,) (22)
and the ground state eigenfunction is given by

nr(E;) ~sech(y,x +tanh ™' a,). (23)
For a; =0, Vr is a symmetric potential. Using the suffix S to indicate ‘symmetric’

Vise = —(71/ 1) sech’ y,x (24)

is the symmetric reflectionless potential with a single bound state at energy E,.
Normalised eigenfunctions will hereafter be denoted by the addition of a tilde. In
terms of the normalised ground state eigenfunction given by

d‘;ISR(El) = (‘)’1/2)1/2 sech y;x (25)
the potential may be written in the form
Visk= ‘2(71/#)112511(51)- (26)

3.2. Potentials with two bound states

The procedure used in the previous section may be repeated to find a potential with
two bound states at energies E, and E, < E,. Using (10), V, is given by

2

1 d
Vo=V,—— —
=W “ dx? In ¢, (E;) (27)
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where ,(E,) is the nodeless non-normalisable solution of the Schrodinger equation
for the potential V, at energy E,= —y3/2u. (10) and (12) show that the ground state
eigenfunction is given by

1
E)~——— (28)
¥y(Ey) 9 (E.)
while the eigenfunctions for other energies are given by
Yo(E) ~ AT (E2) ¢ (E) E#E, (29)
where
1 d d
(E)=—|——+{—1 E . 30
A7 (E,) \/2“[ dx (dx n ¢ ( 2))] (30)
In particular the first excited state of V, at energy E, has the eigenfunction
¢2(Ex)~A1—(Ez)¢’1(E1)~ (31)
Using (16) the potential V, may be written in the form
1 d
Vo= Vo—— == In[¢(EV¢(E,)]. (32)
u dx
The reflection coefficient of V, for positive energies is given, using (15) and (20), by
—ik y,—ik
Ry(k) =22 L2 Ry(k). (33)

vo+ik yy+ik °

The above expressions for V, and ¢, are given in terms of the solution y,. It would
be more convenient to express all quantities in terms of solutions in the reference
potential V;, which has no bound states. (18) and (19) show that

'flx(Ez)“‘[—ad_'*'(iln 11’0(51))]‘//0(52)- (34)
x \dx
Hence

Yol ENY(E,) ~det D, (35)

where D, is a 2 X2 matrix given by

[ we(Ey) wo(Ez)]
Dz‘[zp'o(E,) bolEs) ) (36)

These expressions may be used to write the potential with two bound states in the form
v2=v0—ld—221ndet D,. (37)
u dx
The ground state eigenfunction is given by

Yo(E)

E))~———=~[D53')s.
(B~ g~ (D3I (38)
The eigenfunction of the first excited state may be simplified to the form
Yol E -
l//z(El)"'—O("z_)"'[Dzl]lz- (39)

det D2



Supersymmetry, potentials and multi-soliton configurations 2303

Thus the potential is expressed in terms of the second derivative of the determinant
of D, while the unnormalised eigenfunctions are given by the elements in the last
column of the inverse of the matrix ID,. The condition that Y( E;) and ¢,(E,) must
be chosen to be nodeless is equivalent to the requirement that ,( E,) and ¢( E>) must
be chosen such that the determinant of D, is free of zeros.

To illustrate the above results the case V, =0 may be considered as in § 3.1. When
V,=0 the reflection coefficient of the resulting potential with two bound states also
vanishes as shown by (33) for Ry(k)=0. It is easy to see that

Yo( E;) = cosh y,x+ a; sinh y,x (40)
Yo E;) = sinh y,x + a, cosh y,x. (41)

The condition that det D, be free of zeros can be met only if |,/ <1 and e, <1. The
symmetric reflectionless potential with bound states at E, and E,, obtained by choosing
a,=0 and a,=0, is given by

1 d?
V2SR = In det D2SR (42)
u dx
where
cosh ¥, x sinh v,x
Djse = [ . & 72 :l (43)
v, sinh y;x 7y, cosh y,x
The potential may be reduced to the form
2 2 2 2 2 2
- cosh” y,x + y1sinh” v,x
Vysr= — Y2~ 71 Y2 Yt Y1 Y2 (44)

w  (y,cosh y,x cosh y,x — y, sinh y,x sinh y,x)*’

Using (38) and (39) and the results in appendix 3 the normalised eigenfunctions may
be written as

172
~ Y2, 2 2 cosh y;x
E)={2 - el 4 Sad
¥2sr(E>) < 2 (v2 'Yl)> det Dysq (45a)
/2
> Yip 2 .2 sinh y,x
E)== - —_—.
Yasr(Ey) (2 (v3 ')’1)) det Doy (45b)

In terms of these normalised eigenfunctions the symmetric reflectionless potential may
be written in the form

2 - .
Vasr = —;[Yziﬁgsn(Ez) + ')’1'//§SR(E1)]~ (46)
Certain features of V,gg may be readily established:
2.2

lim Vase(x) = —lz—ﬂﬁn +(37 - Y+ ] (47a)

.od
Lli%ax‘ stk(x) =0 (47b)

d2
lim =~ Vasa(x) = -2(vi-yDH3yi-v3) (47¢)
‘l%_lyw Vasr(x) =0. (47d)

Analysis of these limits, together with the condition for the vanishing of d/dx{ Visgr),
shows that
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Figure 1. A symmetric reflectionless potential with bound states at energies E; = —y2/2u
and E, = —y%/2u for u =1, y;=1and y,=(a) 1.1, (b) 1.3, (¢) 1.5, {d) 2.0. The locations
of the bound levels are indicated by broken lines.

(i) if y3>3%3, x=0 is a minimum of the potential and there are no additional
minima. V,sg is then a symmetric single well. In particular if y3 =47y the resulting
potential is

Vasr = _3(7%/#) sech’ Y1 X (48)

ie. Vasr is a sech’ x potential with bound states at —2y2/u and ~y3/2u;

(ii) if ¥3<3v], x=0is a maximum of the potential and there is a pair of additional
minima for |x|#0. V,sg under these conditions is a symmetric double well. If,
furthermore, y3 <293, then V,sr(x =0)> E, and at least the ground state lies inside
the double well. If y3<3y} both the ground state and the first excited state lie inside
the double well. These features are illustrated in figure 1. The above analysis shows
that a class of symmetric reflectionless double well potentials with two bound states
at specified energies E, and E,, E;<3E, may be simply defined.

4. Potentials with arbitrary number of bound states

By extension of the procedure outlined in §§2 and 3 it is possible to construct a
hierarchy of Hamiltonians with successively increasing numbers of bound states starting
from the Hamiltonian H, with no bound states. Denoting the Hamiltonian with n
bound states by H, and the ground state energy of H, by E,:

1

En=—zvi Yi> Vi > >y (49)
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the Hamiltonian hierarchy is given by
Hm = Ar—n—l(Em)A-r:—l(Em) + Em = Hm-l +[Ar_n—1(Em)a ATn—l(Em)]
m=1,2,...,n (50)

where

1 d d
Am—l(Em)=\/7—“[ia;+(Ex_ln ll/m—l(Em)>] (51)

and ¢,,_;(E,,) is a non-normalisable nodeless solution of the eigenvalue equation for
H,,_, at energy E,, which lies below the ground state of H,,_,. The potentials in the
hierarchy are related by

1 d°
Vm= Vm—l__—iln d’m—l(Em)' (52)
u dx
The ground state eigenfunction of H,, is given by
wm(Em)~l/¢m—l(Em) (53)
while all the other eigenfunctions of H,, are given in terms of the eigenfunctions of
Hm—l by
l#WI(E.i)'\"A;—I(El‘n)d’m—l(Ei) i=1125"'9m—1;m=1’2""sn' (54)
This network of interrelated eigenfunctions can be disentangled to express all eigen-

functions in terms of the solutions in the reference potential V,. Iteration of (52)
shows that the potential with n bound states is related to V, by

1 &2
V,= Vo“; E;[ln Yol ED)Yy(Ey) ... ¢,_1(E,) ] (55)

Using appendix 2, the product of wavefunctions in the above equation may be expressed
in terms of the solutions y(E;) in the potential V; for various energies E;. It is then
possible to express V, in the form

1 &
V,=V,—— —Indet D, (56)
u dx
where the n x n matrix D, is given by
d]—l
[Dn]1K=a}T]d’O(EK) JK=12,...,n (57)
The eigenfunctions of the potential V, may be expressed in the form
(»[/n(Ei)~[D;l]in i=l,2a""n- (58)
The proof that the elements in the column n of the inverse of the matrix D, are indeed
the eigenfunctions of the potential V, in (56) with eigenenergies E;,i=1,2,...,n is
given in appendix 2. The requirement that ,,_,(E,,), m=1,2,..., n, be nodeless can

be met by choosing the non-normalisable solutions yo(E,,), m=1,2,..., n, such that
det D, has no zeros. The eigenfunction relation given in (54) may be extended to
positive energies to show that the reflection coefficient of V,, is related to the reflection
coefficient of V,,_, by

ym—lk
R, (k)=—"—"—R,,_,(k).
) =22 Ry () (59)



2306 C V Sukumar

Iteration of this relation gives
YV — 1k
= ——— ] | Ro(k). 60
R, (k) [FE ____ n(ym+ik)] oK) (60)

Equations (56), (57) and (58) provide a recipe for constructing potentials with bound
states at specified energies E,, and reflection coefficient for positive energies given by
(60).

The algorithm for constructing reflectionless potentials with n bound states is a
particular case of the procedure given above corresponding to the choice V,=0. Since
Ry(k)=0 when V,=0, R, (k) also vanishes identically as shown by (60). The free
particle solutions g at energies E; are given by

Yor(Ezs+1) =cosh yay 11X+ azyyy sinh yy54,x
¢0R(E21)=Sinh 72]x+a2_] cosh Y25X J=0, 1,...,$%n. (61)

It is easy to show that det D, for this choice of i, has no zeros provided |o,,| <1,

m=1,2,...,n A symmetric reflectionless potential with n bound states may be

obtained by choosing a,, =0, m=1,2,..., n. The potential so obtained is given by
2

1 d
VnSR =72 In det DnSR (62)
© dx
where the elements of the matrix D,sg are given by
[ Dasrlsx =3y )’ '[e™ +(=1)""¥ e 7], (63)

The unnormalised eigenfunctions are given in terms of the elements in the column n
of the inverse of the matrix D,gg by

d/nSR(Ei)~[D;éR in i=1’2,"',n' (64)
The normalisation of these eigenfunctions is discussed in appendix 3. The normalised
eigenfunction for the eigenenergy E; may be written in the form

n 1/2
wnSR(E.»)=<§‘KH M—ﬂ) [D;7ér)in i=1,2,...,n (65)
i

The relationship of the representation of the symmetric reflectionless potentials given
in (56) and (57) to other seemingly different representations of the same potential is
discussed in the next section.

5. Equivalence of reflectionless potentials

The matrix D,gg in (63) for the case of the symmetric reflectionless potential may be
written in the form

D,sp=3A;+A,] (66)
where the elements of A, and A, are given by

[Ady=7yi"e" (67)

[A)y =Dy te (68)
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The matrix A, can be easily inverted. The elements of A;' are given by

-1
|:A1_‘]i.l="(“1)iH e_y’x( H |‘)’1<‘7.'|> S (69a)
K#~i
where f;; are coefficients in the expansion
[T +v)=X ¥y s (69b)
K#i J=1

By considering a diagonal matrix G whose elements are related to the normalisation
coefficients of the eigenfunctions discussed in appendix 3 and given by

1/2
Gy =8y (72—’ IT Ivk- yil) (70)
K#J

it can be shown after straightforward algebra that the matrix M defined by

M =ZGA1‘1D,,SRG_1 (71)
has elements

Ay (x)Ax(x)
(M1 =08« +J_—K(_ (72)
(v +vx)

where

A(x)=Ce™ (73)
and

c3 +

=y Yk TV . (74)

2y, K=1lyYk =V

The analysis of Kay and Moses (1956) and the n-soliton solution of the Korteweg-
deVries equation (Gardner et al 1967, Scott et al 1973) lead to the result that the
symmetric reflectionless potential may be expressed in terms of the matrix M in the form

V“-i—dilndetM 75
s . (75)

Since

det M = 2(det D,sg)(det A7?) (76)
and

det AI‘IOCexp<—Z y,-x) (77)
it is clear that

d? d?

-d?ln det M =5P Indet D, gg. (78)

This equality shows that the reflectionless potentials defined by (62) and (75) are
identical.
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It is shown in appendix 4 that the reflectionless potential with n bound states may
be expressed in terms of the normalised bound state eigenfunctions in the form

Visr=-= 3 [y2s(E)] (79)
MoJ=1

Equation (79) is the generalised form of the result shown by (26) and (46) for the
cases n=1and n=2.

6. Conclusions

It has been shown that by repeatedly using the algebra of supersymmetry in a step by
step fashion it is possible to construct potentials with bound states at arbitrary energies.
It has been shown that the non-normalisable solutions in a reference potential which
supports no bound states constitute the input in this construction. The reflection
coefficient of the potential with n bound states constructed by this procedure is related
to the reflection coefficient of the reference potential. V, is in general not only a
function of the n bound state energies E; but also a function of n parameters «;,
i=1,2,...,n a; characterises a particular linear superposition of the two linearly
independent non-normalisable solutions in the reference potential V; at energy E,. «;
can take such values that ensure that the determinant of D, is free of zeros. By choosing
the reference potential to be V, =0 reflectionless potentials with n bound states may
be constructed. The reflectionless potential so obtained is not necessarily a symmetric
function of x. It has been shown that by choosing the parameters a; to have specific
values symmetric reflectioniess potentials can be constructed. The resulting symmetric
potential has been shown to be identical to the potential constructed using the n-soliton
solution of the Korteweg-deVries equation. It has also been demonstrated that the
symmetric reflectionless potential may be expressed in terms of the normalised bound
state eigenfunctions in a particularly simple manner.
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Appendix 1

The Schrodinger equation for the Hamiltonian H,, defined in (50) leads to the solution
Yn(E) for energy E. ¢, (E) is linked to the solution ¢,_,( E) of the Hamiltonian H,_,
by (53) and (54). This wavefunction relation may be written in the form

l//n—l(E)>
lZ’n—l(E‘n)

where E, is the ground state energy of H,. Hence

d’n—l(En) ¢n—-1(E)]

d/n(E)'\'d’n—l(En)%( E#En (Al.l)

d’n—l(En)wn(E)~det[ .

d’n—l(En) 'j’n—l(E) (Alz)
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Now let
d’n—Z(En-—l) 0 0
F=wn—Z(En—l)wn—l(En)dln(E)=det 0 "/{n—l(En) d./n—l(E) M (A1'3)
O lpn—](Eln) wn—l(E)

To express F entirely in terms of the solutions of H,-», (54) can be used to express
the solutions of H,_, in terms of the solutions of H,_,:

b~ [~ (Ltmi B [waB) BB

dx
(A1.4)
The first derivative of (A1.4) gives
BV i (Eved Vo) . g( ¥n-2(E) )
(/Jn—l(E) lI’n—Z(E)-i"(pn—Z(E‘ﬂ-l) ¢n_2(En_l)+‘/’n—2(En—l)dx (l/,._z(En_1) . (AIS)
Using the alternate expression of (Al.4) in the form
- d( YnaE) -
(I’n—l(E) ¢"_2(E"_l)dX<¢n—2(En_1)) E# En—l (A16)
it is possible to write
o s(BY (B = = a B + s By 27 (AL7)
where
d}n—2(En—l)
=—— Al8
wn—Z(En—l) ( )

Applying (A1.8) for E = E, and E = E and using a matrix relation valid for any matrix
A, namely

AH 0 0 A“ 0 0
det 0 Azz A23 = det 0 A22 A23 (Al.g)
0 A32 A33 0 A32 + aAZZ A33 + aA23

it is then possible to write F as

d’n—Z(En—l) 0 0

{ : llln—Z(En) H H wn—Z(E)
F =det 0 n—2(Ep) =ty o(Ep_)———— w2(E) = p_2(Epy)————
e Un_o Ep) =, _o( l)wn—Z(En-—l) Yn-2(E) — ¢a_a(E 1)¢n_2(En_l)

. . Yn—o(E,) . . Yn—5(E)

0 A{E) =, En— n— T Yn- n—
d’n 2( ) ‘/’ 2( 1) lll,,_.z(E,._l) '/’ Z(E) (Il Z(E l)wn—z(En—l)
(A1.10)

Now consider

lr,.’n—Z(En-l) d.’n—z(En) lﬁn——Z(E)
G=det ‘en—Z(En—l) dzn—z(En) d:"n»-Z(E) . (Alll)
‘/’n—2(En—l) wn—z(En) 'J’n—2(E)
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For any matrix B

B,, B;; Bj; B,y By;—BB,; By;—¢By
det| Bz, Bzz Bz3 = det B21 Bzz - BBZI Bz3 - Ele (A1.12)
By, Biy; B By, B3;— BBy, Bj;—¢eB;

for any values of B8 and . By choosing

21__2_ — d/n—z(En)

B =By YalEry)

(A1.13)

and

_Bis_ Yn-2(E)
By Yn-o(E,-y)
it is easy to show from (A1.11) and (A1.12) that
F~G. (A1.15)

G is expressed entirely in terms of solutions of the Schrodinger equation for the
Hamiltonian H,_,. The procedure given above may be extended to write any product
of wavefunctions of the form ., (E,+1)¥m+1(Em+2) - . . Y1 (E,)¥,(E) as a determinant
involving only the solutions of H,, and their various derivatives. The procedure is
straightforward but tedious. The method of proof is indicated below. Assuming that
the determinantal relation is true for m = n—k, it is possible to prove that it is also
true for m = n — k —1 by making use of the relations between the wavefunctions given
by (54). Since (A1.2), (A1.10), (A1.12) and (A1.15) show that the determinantal relation
is true for m = n—1 and m = n -2, it is then possible to conclude by inductive reasoning
that it must be true for any m. It is thus possible to write

(A1.14)

vo(Ey) U(E) . dolEn)
do( Ex) Wo(E) o dolE)
Yo(EY(E,) . ..y (E,) ~det
4! n—1 dr!
dx"! ¥o(E1) Fd’o(Ez) v d_x,T_‘flf/o(En)
(Al.16)
The elements of the matrix in (A.16) denoted by D, may be written in the compact form
J-1
[D,1ik =a;171l//o(Ex)- (A1.17)

Appendix 2

In this appendix it is proved that the eigenfunctions of
2

1d
V =V___._
n= Voo glndet D (A2.1)

where

K-1

Dy, =5x—,ad/o(51) (A2.2)
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are given by the elements (D7'),, i=1,2,...,n uo(E,) are the solutions of the
Schrodinger equation for the potential V,, i.e.

do(Er) =[5+ 20 Voluo(E,)- (A23)
Therefore

Dy, =[3+2u Vo] Dgs. (A2.4)
Let B=D"'. Then

BD=DB=1 (A2.5)
where I is the unit matrix. Hence

d? . . .

Q[DB]= DB+2DB+ DB =[0] (A2.6)

where [0] is the null matrix and a dot above a matrix indicates that each element of
the matrix is differentiated once. Therefore

B=BDB- 235‘1;[1')3]. (A2.7)
Using (A2.4) it is easy to show that

. d .

By =[Y?+2“VO]BU_2BEKE[DB]KJ- (A2.8)

It follows from (A2.2) that

Dy, = Dis1,5[1 = 8xn]+ 8knDny. (A2.9)
Therefore

[DBlxs = 8x+1.,[1=8xn]+ 8xn[ DB,y (A2.10)
and

B,.Kd—i[DB]KJ = B,,[ DB],;. (A2.11)

Let f,, be the determinant of the cofactor of the element D,;. Then

Sin
B, =" .
" det D (A2.12)
and
det D= D,fin. (A2.13)

The derivative of a determinant may be evaluated by differentiating the elements in a
particular row i of the matrix, evaluating the determinant of this new matrix and then
summing over i. When the row i (i# n) of the matrix D defined by (A2.2) is
differentiated, the resulting matrix D" has identical elements in the rows i and i+1
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and hence the determinant of D'” vanishes. But when the row n of the matrix D is
differentiated the resulting matrix D™ has a non-vanishing determinant. Therefore

[ '/Jo(Ex) ¢"0(E2) L] l;[lO(E.n)
‘eO(El) (l."O(EZ) e '{{O(En)
Yo(Ey) Yo E2) e Yo(E,)
_9.. = (n) _ . .
clxdetD—detD =det : (A2.14)
dn—2 dn——2 dn—2
aﬁd/o(El) aﬁiﬂo(Ez) o Wl//o(En)
d" d" d"
d_x;'-w()(El) Wll’o(Ez) .

It is easy to show from this expression that

d n d
— = —D,,. 15
= det D ng fom = D,; (A2.15)

Using (A2.12) it is then possible to show that

d .
—Indet D={D . .
I n det [DB],, (A2.16)

(A2.8), (A2.11) and (A2.16) can be combined to give

2

(A2.17) shows that B,, = (D), is indeed a solution of the Schrodinger equation for
the potential V,, given by (A2.1) for the eigenenergy E; = —y%/2u.
Appendix 3

The normalisation of the eigenstates of symmetric reflectionless potentials is discussed
in this appendix. The symmetric reflectionless potential with n bound states is given by

1 d°
V,.=——-d—21ndetD (A3.1)
where
[D.lik =3vk '[e"™*+(-1)""¥ e77], (A3.2)

The determinant of D, may be easily evaluated in the limit x - o to give

lgg detD, = ( lj li[ ) exp( Y 'y,() (A3.3)

It was shown in appendix 2 that the unnormalised eigenfunctions of V, are given by

¢n(Ei)=[D;l]in i=la 2a'-'an- (A34)
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The determinants involved in the definition of the elements of the inverse matrix can
also be evaluated in a similar manner in the limit x - oo to give

n -1
lim df,.(E.‘)=2e_""(£4(7.-—7x)) : (A3.5)

The same argument can be applied to the eigenfunctions of the potential with (n—1)
bound states to give

’1‘1_?; ll’n—l(Ei):Ze—nx(:[—l('Yi"YK)) . (A3.6)

But the unnormalised eigenfunctions ¢,(E;) and ¢,_,(E;) are related as shown in (54)
by

'«l’n(Ei)’:'\i[_Id;"’(ad;m wn—l(En)>] Yn_1(E;) i#n, (A3.7)

The constant A; can be determined by considering the x - limit of (A3.7). Using
the relation

lim Yn_1(E,)~e™ (A3.8)
it is possible to show from (A3.5)-(A3.8) that

A=(yi—-yD)7" (A3.9)
Hence

NE™

Un(E) =mA;_l(En)wn-l(E,-) (A3.10)

and
< 2 x _
L YA(E,) dx =z7—_i‘;2? L, [An-1(En)¥n-1(E)T dx. (A3.11)

Partial integration of the integral on the right-hand side of the above equation and
use of the expression for A,_; given by (51) then shows that

= <] 2 aQ

J: 4’3.(E-) dx =(‘nyL:y—;)3 j_ wn—l(Ei)A:—l(En)A;—l(En)d'n—l(Ei) dx. (A3-12)
But from (50)

A._(E.)A._(E,)=H,_,—E,. (A3.13)
Therefore

) 1 oC

L Vi(E) dx =g L ¥aa(E) dx. (A3.14)
When n=1

¢, (E,) =sech y,x (A3.15)
and so

J Yi(E)) dx=2/7v,. (A3.16)
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Repeated application of (A3.14) for i =1 then shows that

] -1
J Ya(E,) dx = (H (vk— ) . (A3.17)
- K#1
When n =2, it is easy to show that in terms of the eigenfunctions
sinh y,x cosh y;x
=— E))=——"— A3.18
¥,(Ey) det D, ¥(Ey) 4ot D, ( )
the potential V, is given by
1 d2 2_ .2
V= gindet ;= ~ LN 203 By + yIU(E)]. (A3.19)
But
(* o d2 d o
—slIndet D, | dx=—Indet D,| =2(y,*+v) (A3.20)
v - dx dx _o
and from (A3.17)
[ 2 1
YHE) dx == —— (A3.21)
J - " (')’2 )
(A3.19)-(3.21) may be compared to give
[ 2 1
$3(Ey) dx=— ——-. (A3.22)
Jow Y2 (v2= )
Repeated application of (A3.14) for i =2 then shows that
(* o -1
w (Ey)dx= ( H lvk = I) : (A3.23)

Examination of the expression for the elements of D;' shows that [ D;'],., . is obtained
from [D;'];, by the substitution E, & E,,, while all the other energies are left
unaltered. By using this symmetry property the normalisation factors for all the
eigenfunctions can be obtained from those for ¢, (E,) and ¢,(E,). From (A3.17) and
(A3.23), by symmetry

o 2 n -1
J Yr(E) dx=—< I vk - y%l) : (A3.24)
-0 Yi \K=i
The normalised eigenfunctions of V, are therefore given by
n 1/2
n(E) —( Kl_I lvk 7?]) (D' (A3.25)
=i

Appendix 4

In this appendix it is proved that the symmetric reflectionless potential with n bound
states may be expressed as a sum over the squares of the normalised eigenfunctions
with simple coefficients. In § 5 of the main text it was shown that the symmetric
reflectionless potentials constructed using the algebra of supersymmetry is the same
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as the potential used by Thacker et al (1978). The asymptotic behaviour of the
normalised eigenfunctions of V,, given by (A3.25) may be inferred using (A3.4) and
(A3.5) to be

+. ]\ 172
s} o e
Yk — Vi

In terms of the coefficients C; defined by (74) the normalised eigenfunctions can then
be written in the form

lim &n(Ei)=(2y,- [1

K=i

Jn(Es) = Cp:. (A4.2)
Then
lim ¢, =e™ " (A4.3)

The function ¢; defined by (A4.2) and (A4.3) is the same function as the ¢; defined
by Thacker et al. It is shown by Thacker et al that ¢, satisfies

wo1o S Clo—t Ad.4)
l. e i — —_— e »
¢ A (
and
@i=(vi+2uV,)e. (A4.5)
By differentiating (A4.4) and using (A4.5) it is easy to show that
vy d _
MV,.=;C3€ ”‘(¢1—7;¢1)=d—x(2 Cle ’f"go,). (A4.6)
J
(A4.4) also gives
Cc; d
@iy =2y —e " ( —(e™ ) A47
2 rrmax e (Ad7)
Therefore
Cle (¢~ vip)) = —2ypCie W™~ Cle ™"} c5 _d__(e-ij ¢s). (A4.8)
7 (ys+y)dx
Use of the expansion
—yx exp| — +v;)x
e = g+ 3 Chp, SRl * 7)) (A4.9)
J (vs+v)

obtained from (A4.4) in the first term on the right-hand side of (A4.8) enables the
writing of (A4.6) in the form

uV,=-2 Z YiC?¢i + F(x) (A4.10)
where
c*C?
F(x)=- :
Z,-:g‘(v.*w)

X (27:90.-% expl(y:+ vs)x] +CXP(—Z%-X)%(CXP(—YJX)%))- (A4.11)
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The first term in the above equation may be written in the symmetric form
cic}
(e
(7! + ‘YJ)

The second term of (A4.11) can be simplified using (A4.7). These simplifications lead
to the expression

2
(2vit2vs)ews exp[—(y: + w)x]) = (Z (o exp(—v.-x)<p.-> - (Ad412)

2

Fix)=(T Clore™) 43 Cle(6+ e (Ad13)
Therefore
dF 2 ——x d 2 —v.x 2 —yX [ s
—=-2 2 Cipie " |— Zci‘Pie v +Z Cie " (@it vigs). (A4.14)
dx ; dx\5 ;
Use of (A4.5) and (A4.6) then shows that

dF/dx=0. (A4.15)

Furthermore, (A4.3) and (A4.13) show that F(x =) =0. Since (A4.15) is valid for
any value of x it is now possible to conclude that F(x) =0 for all values of x. In terms
of the normalised eigenfunctions defined by (A4.2) it is then possible to write (A4.10)
in the form

Vo= -2 5 wii(E). (A4.16)

It must be noted that the results derived in appendices 3 and 4 apply only to
symmetric reflectionless potentials. The suffix SR used in the main text is omitted in
appendices 3 and 4 for simplicity of notation.
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